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Abstract. This paper proves the Li (2009) unawareness structure equivalent to the single-agent propositionally

generated logic of awareness of Fagin and Halpern (1988). For any model of one type one can construct a model of

the other type describing the same belief and awareness. Li starts from an agent unable to perceive aspects of the

world and distinguish states, modelled with subjective state spaces coarser than the objective state space. Fagin and

Halpern limit the agent’s language or cognitive ability to reasoning only about a subset of the primitive propositions

describing the world. Equivalence of these approaches suggests they capture a natural notion of unawareness in a

minimal way.
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1. Introduction

Economic models describe at least three types of uncertainty—risk, ambiguity and unawareness. In risk, the
possible outcomes and their probabilities are known, as in the case of a coin toss. With ambiguity, the outcomes are
still known, but there is no obvious single probability distribution, for example tomorrow can be sunny or cloudy,
but it is difficult to find one objective probability for these outcomes. In the case of ambiguity there is instead a set
of possible probabilities or a probability-like structure. Under unawareness, the possible realizations of uncertainty
are not known, e.g. which new viruses could be discovered in the next ten years.

In the case of all types of uncertainty, the agent does not have full first-order knowledge. The difference is in the
extent of higher order knowledge. Under risk and ambiguity, the agent knows that he does not know and knows what
he does not know. In the case of unawareness, the agent knows neither. A consequence of this is that unawareness
only exists relative to some description of the world external to the agent, such as the view of another agent or
an omniscient modeller (whose view is usually equated with the objective reality). The agent’s description of the
environment can only be incomplete relative to some description that is (more) complete, and this incompleteness
can only be described by someone with a strictly more complete description than the agent. The modeller can say
that one agent is more unaware than another or that an agent is not aware of all aspects of reality, but within an
agent’s mind there is neither knowledge nor awareness of his unawareness. An agent can believe in the unawareness
of other agents, but not in his own. This contrasts with risk and ambiguity where the agent knows all about his
uncertainty.

An intermediate concept between unawareness and ambiguity is awareness of unawareness, where the agent
knows that he does not know, but does not know what he does not know. A person may know there exist viruses
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he is unaware of, but not know what the possible viruses are. Unlike pure unawareness, awareness of unawareness
allows an agent to believe in his own unawareness.

The logic literature has used unawareness to remove the unrealistic property of logical omniscience (the agent
knows all the logical consequences of his knowledge). In reality one does not know all theorems of mathematics
that are implied by the axioms of set theory as soon as one knows the axioms, so to model real agents, logical
omniscience must be relaxed.

One way to restrict logical deductions is to use syntactic belief operators unaffected by the logical connections
between formulas, so the agent believes certain formulas by definition. Another approach is to allow the agent
to think about inconsistent states where logically contradictory statements may be true. A third approach is to
make the agent unaware of some formulas and require awareness for belief. The agent cannot believe some formulas
implied by already believed formulas, due to unawareness.

Representing nontrivial unawareness in the set-based models used in economics is impossible—[3] proved that in a
standard state-space model with operators for knowledge and unawareness satisfying some natural axioms, the agent
is unaware of everything or nothing. One cannot have meaningful unawareness in a purely set-theoretic framework
with events as sets of states, although such a model would be desirable due to its simplicity and comparability to
standard economic models.

The solution suggested by [3] is to separate the objective and subjective state spaces (the modeller’s and the
agent’s views of the environment). This is consistent with the argument that unawareness can only exist relative
to some other description of the environment, either the objective reality or the view of another agent. There must
be at least two representations of the environment in the model for unawareness to be possible. This required
separation of viewpoints makes models with unawareness less tractable than standard set-based models.

There are a number of ways in which the literature has circumvented the [3] impossibility result. The unawareness
structure constructed by Li [13] (henceforth the Li structure) has the agent use a (possibly different) subjective state
space at each state. The unawareness operator expresses the agent’s incomplete subjective description of relevant
aspects of the world. The logic of awareness and Kripke structure of Fagin and Halpern [4] (subsequently called
the FH structure) describe nontrivial unawareness by making the agent aware of only a subset of the primitive
propositions in the model. The agent can believe or disbelieve only formulas constructed from these primitive
propositions. The approach of [4] has been further extended by Halpern and Rêgo [9] to incorporate quantification
and to enable the agent to reason about the existence of unawareness. A similar approach to [4] is taken in the logic
defined by Modica and Rustichini [15]—the agent can reason only about the atomic sentences of which he is aware.
Heifetz, Meier, and Schipper [10] introduce a lattice of state spaces with different expressive power. The agent’s
possibility set at one state is contained in a possibly less expressive state space, which represents the incomplete
awareness in the original state. Early models without logical omniscience are [12] and [16], which allow the agent
to consider possible inconsistent states (called impossible worlds). Impossible worlds models can also be used to
describe unawareness [20]. These have been augmented with quantification by [18, 19] to express awareness of
unawareness.

The concept of unawareness used in these models expresses a relationship between different sets (state spaces
or languages of formulas). This differs from [3] where the unawareness operator is confined to a single set, so it is
not surprising the models are unaffected by the impossibility result. All the unawareness models are more complex
and harder to work with than a standard belief or knowledge model, due to the separation of the objective and
subjective views.

Some of the models capturing nontrivial unawareness have been shown to be equivalent to each other. The notion
of equivalence used in the previous literature and this paper is that for each model of one type we can construct a
model of the other type and vice versa so that a formula is true in one model if and only if it is true in the other.
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This means a specific pattern of knowledge and awareness is describable by one model exactly when it is describable
by the other. The models start from different aspects of unawareness but end up expressing the same concept,
which suggests they are capturing a natural idea of unawareness using minimal assumptions. For applications, the
equivalences are useful because they allow the researcher to use any of the frameworks without being restricted by
concerns about its expressiveness.

The relationships between models of unawareness are depicted in Figure 1 below. Halpern [7, Theorem 4.1] proved
that the propositional model in [15] is equivalent to a special case (restricted to a single agent and propositionally
generated awareness) of the logic of awareness in [4]. In addition, Halpern and Rêgo [8, Theorem 3.2] show the
lattice of state spaces in [10] is equivalent to a special case (propositionally generated awareness) of the FH structure.
The [4] approach is proved equivalent to [16] by [20] and the quantified logic of awareness of [9] is proved equivalent
to the [18] quantified impossible worlds model by [19].

According to Heifetz, Meier, and Schipper [11] and Schipper [17], it is still an open question whether the Li
structure is equivalent to those of [15] or [10]. This paper answers the question by showing that for any Li structure
for modelling unawareness there is a FH structure (restricted to a single agent and propositionally generated
awareness) expressing the same knowledge and awareness of the agent, and conversely for any propositionally
generated single-agent FH structure there is a Li structure describing the same agent.

The equivalence proved in this paper allows comparison of the Li structure to additional models of unawareness.
Since [7] proved that the model of [15] is equivalent to a single-agent version of a propositionally generated logic of
awareness and [8] proved that the multiagent model of [10] is equivalent to a propositionally generated FH structure,
Li’s model turns out to be equivalent to both [15] and a single-agent version of the model of [10, 11]. Since the
models in the economics literature are proved equivalent to a special case of the FH structure, the approaches of
[4, 9, 16, 18] in the artificial intelligence and philosophy literature are more general. Each of these, appropriately
restricted, can describe the same knowledge and awareness as the models in economics.

The rest of this paper is organized as follows. In the next section the Li structure is presented in slightly more
general form than in the original paper. To make it easier to show equivalence to the FH structure, the Li structure
knowledge operator is modified and the new definition is proved equivalent to the initial one. In Section 3 the FH
structure is presented and in Section 4 the main theorem is proved, showing the equivalence of the Li and the FH
structures.
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2. Overview of the Li structure

2.1. Primitives. The primitives of the model in [13] are a set of questions Q∗ about relevant aspects of the world,
a state space Ω∗ consisting of vectors of answers to all the questions, an awareness function W ∗, giving for each
state the set of questions of which the agent is aware, and a possibility correspondence P ∗, giving for each state the
set of states that the agent thinks possible. Formally,

Ω∗ =
∏
q∈Q∗

{1q, 0q} , W ∗ : Ω∗ → 2Q
∗
, P ∗ : Ω∗ → 2Ω∗ \ ∅

Each state ω∗ ∈ Ω∗ is a vector of zeros and ones with the interpretation that if a state contains a one in the
coordinate corresponding to a question, the answer to that question is yes.

In the interests of later showing equivalence to the FH structure, the definition of the Li structure state space Ω∗

is slightly generalized to allow some combinations of answers (objective states) to be impossible and different states
to have the same combination of answers.1 The states that have the same answers to all questions have labels to
distinguish them that are drawn from some set S and are of the form s, s′. If it is necessary to refer to the labels,
they are written as subscripts, e.g. ω∗s .

2 The new definition of the state space is

Ω∗ ⊆
∏
q∈Q∗

{1q, 0q} × S

The definitions of the other primitives Q∗, W ∗ and P ∗ do not depend on the internal structure of Ω∗ and are
unaffected by the generalization of Ω∗.

Before defining the knowledge and awareness operators from the primitives introduced immediately above, some
additional notation is needed.

Denote by ω∗(q) the q-th coordinate of ω∗ and by ω∗(Q) = (ω∗(q))q∈Q the projection of ω∗ onto the set of
coordinates Q. For an event E∗ ⊆ Ω∗, denote by E∗(Q) the set containing the projections of the states in E∗ onto
the coordinates in Q.

Subsequently Ω∗ is called the objective state space and the states in it objective states. At each objective state
ω∗ the agent has a subjective state space Ω(ω∗), which is the projection of the objective state space on the questions
W ∗(ω∗) that the agent is aware of at ω∗. The subjective state space is defined as

Ω(ω∗) = Ω∗(W ∗(ω∗))

where Ω∗(W ∗(ω∗)) expressed via Ω∗ is Ω∗(W ∗(ω∗)) =
{

(ω∗
′
(q))q∈W∗(ω∗) : ω∗

′ ∈ Ω∗
}
.

The states in a subjective state space are denoted ω and called subjective states. Similarly to objective states,
these can be projected onto a subset Q of their coordinates, with the result denoted ω(Q). The events E in a
subjective state space are called subjective events and can be projected like objective events.

The separation of the objective and subjective state spaces is important for two reasons. Technically it allows the
model to avoid the impossibility result of [3] and contain nontrivial unawareness while keeping intuitive properties
of knowledge. Conceptually the objective state space provides a reference point relative to which the extent of the
agent’s unawareness is described.

All the information needed in this paper about any objective or subjective event is (a) the objective states
that project into it (the factual information) and (b) the questions determining the state space it belongs to (the

1An example of an impossible objective state is one where the answer is yes to both ‘Is there is a blizzard?’ and ‘Is the sun shining?’.

Including impossible states in the objective state space is innocuous, since these can be excluded from the range of the agent’s possibility

correspondence. In that case, the reasoning and behaviour do not depend on them. The author thanks an anonymous referee for pointing

this out.
2If the states are represented as vectors of answers, two states having the same answers to all questions cannot be distinguished.

This distinction is made by labelling the two states differently, e.g. ω∗
s , ω∗

s′ . No results depend on the particular labels chosen.
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awareness information). For any ω∗ and E ⊆ Ω(ω∗), denote the objective states projecting into E by E∗ and the
questions defining the space of E by q(E). The formal definitions are

q : ∪ω∗∈Ω∗2
Ω(ω∗) → 2Q

∗
, Ω(ω∗) ⊇ E 7→ q(E) = W ∗(ω∗), E∗ = {ω∗ ∈ Ω∗ : ω∗(q(E)) ∈ E}

Any event can be written as a pair of sets, E = (E∗, q(E)). If E is objective, then E∗ = E and q(E) = Q∗.

2.2. Awareness and subjective knowledge from the agent’s perspective. Next, the unawareness operator
and one of the subjective knowledge operators of the Li structure are introduced. Unawareness of an event E is
defined as the states in which the agent is not aware of all the questions defining E. The agent cannot tell that
each subjective state actually consists of multiple objective states and is not aware of all distinctions between the
states in E and those in Ec. The unawareness operator is

U(E) = {ω∗ : q(E) *W ∗(ω∗)}

Awareness is the complement of unawareness: it is the states in which all questions of E are in the agent’s awareness
set, formally W (E) = {ω∗ : q(E) ⊆W ∗(ω∗)} = ¬U(E). The only information about an event that is relevant
to the unawareness operator is the questions determining the state space of the event. Unlike the subjective
knowledge operators defined below, the awareness and unawareness operators are purely objective, i.e. representing
the viewpoint of the omniscient modeller, not the agent.

To provide background for the knowledge operators of [13] and to better compare them to the belief operators
of [4], I first formalize an operator called objective knowledge. This is the traditional knowledge operator extended
to subjective events and describes the modeller’s view of a fully aware agent’s knowledge.

K∗(E) = {ω∗ : P ∗(ω∗) ⊆ E∗}

The only information about an event that is relevant to the objective knowledge operator is the objective states
projecting into the event.

[13] defines two knowledge operators: subjective knowledge from the agent’s perspective at state ω∗, denoted
K̃ω∗ , and subjective knowledge from the modeller’s perspective, denoted K and defined via K̃ω∗ . To define K̃ω∗ ,
first a subjective version of the possibility correspondence P ∗ is needed.

Fix ω∗ and let the projection of the possibility set at ω∗ onto the subjective state space at ω∗ be

Pω∗ = P ∗(ω∗)(W ∗(ω∗)) =
{
ω∗
′
(W ∗(ω∗)) : ω∗

′
∈ P ∗(ω∗)

}
The subjective possibility correspondence at the objective state ω∗ is defined in [13] Eq. (2.4) as Pω∗(ω) = Pω∗ if
ω ∈ Pω∗ , and left undefined for ω /∈ Pω∗ . In this paper the definition of the subjective possibility correspondence is
extended to the undefined part by Pω∗ , so that the new definition is Pω∗(ω) = Pω∗ ∀ω. This extension is sufficient
for a claim made in [13] to hold (as shown below in Proposition 1) and for subsequent results in this paper.

The agent’s subjective knowledge from his own perspective can now be defined using the subjective possibility
correspondence. The subjective states at which an event E from some state space of the Li structure is known by
an agent in state ω∗ are

K̃ω∗(E) =

{ω ∈ Ω(ω∗) : Pω∗(ω) ⊆ {ω′ ∈ Ω(ω∗) : ω′(q(E)) ∈ E}} if q(E) ⊆W ∗(ω∗)

∅E if q(E) *W ∗(ω∗)
(1)

where ∅∗E = ∅ and q(∅E) = q(E). Subjective knowledge from the agent’s perspective can be iterated the standard
way, K̃n

ω∗(E) = K̃ω∗(K̃
n−1
ω∗ (E)). It represents the agent’s description of his own knowledge. The agent can reason

about his subjective knowledge and know his knowledge to be incomplete. In contrast, the agent cannot reason
about or know the incompleteness of his awareness.
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2.3. Subjective knowledge from the modeller’s perspective. There are two definitions of subjective knowl-
edge from the modeller’s perspective in [13]. The first defines it for all orders of iteration via the agent’s subjective
knowledge.

Kn
I (E) =

{
ω∗ ∈ Ω∗ : ω∗(W ∗(ω∗)) ∈ K̃n

ω∗(E)
}

(2)

Note that for each ω∗ a corresponding K̃ω∗ is used in the condition ω∗(W ∗(ω∗)) ∈ K̃n
ω∗(E) to verify whether E is

subjectively known at ω∗. Subjective knowledge represents a fully aware agent’s (or modeller’s) description of a
potentially unaware agent’s knowledge.

The second definition of subjective knowledge is given in [13] only for first-order knowledge.

KII(E) = {ω∗ : P ∗(ω∗) ⊆ E∗, q(E) ⊆W ∗(ω∗)} (3)

[13] states that the two definitions are equivalent for first order knowledge. In the present paper the equivalence of
the definitions is proved for all orders of knowledge. The second definition for higher order knowledge is

Kn
II(E) =

{
ω∗ : P ∗(ω∗) ⊆ Kn−1

II (E), q(E) ⊆W ∗(ω∗)
}

(4)

Note that q(E), not q(Kn−1(E)) is used in the definition. Since the event K(E) is objective by both (2) and (4), it
contains maximal awareness information. Therefore iterating knowledge by Kn(E) = K(Kn−1(E)) would require
full awareness for any higher order knowledge.

In the following proposition, the two definitions (2) and (4) are shown to be equivalent for first-order knowledge,
as claimed in [13]. The proof uses the extension of the definition of the subjective possibility correspondence given
above.

Proposition 1. The operators KI and KII coincide in all Li structures iff Pω∗(ω
∗(W ∗(ω∗))) = Pω∗ .

Proof. The definitions KI and KII coincide iff

ω∗(W ∗(ω∗)) ∈ K̃ω∗(E) is equivalent to P ∗(ω∗) ⊆ E∗ and q(E) ⊆W ∗(ω∗) (5)

By definition (1) of K̃ω∗ , the condition q(E) ⊆W ∗(ω∗) appears on both sides of (5), which reduces to

Pω∗(ω) ⊆ {ω′ ∈ Ω(ω∗) : ω′(q(E)) ∈ E} iff P ∗(ω∗) ⊆ E∗ (6)

where ω is the subjective state in the space Ω(ω∗) that ω∗ projects to, i.e. ω = ω∗(W ∗(ω∗)).
If the agent is deluded, i.e. ω∗ /∈ P ∗(ω∗), and the condition Pω∗(ω

∗(W ∗(ω∗))) = Pω∗ is not satisfied, then
ω∗(W ∗(ω∗)) is outside the domain of Li’s original subjective possibility correspondence. This leaves KI undefined
and therefore KI and KII do not coincide in Li structures with a delusional agent. Necessity of the extension
Pω∗(ω

∗(W ∗(ω∗))) = Pω∗ is thus proven.
For sufficiency, note that {ω′ ∈ Ω(ω∗) : ω′(q(E)) ∈ E} is the projection of E∗ into Ω(ω∗) and if the condition in

the statement of the proposition holds, then Pω∗(ω∗(W ∗(ω∗))) is the projection of P ∗(ω∗) into Ω(ω∗). Since subset
relations are preserved by projections, any definition of the subjective possibility correspondence that makes Pω∗

the possibility set at ω∗(W ∗(ω∗)) will ensure that (6) holds. �

Defining the subjective possibility correspondence as Pω∗(ω) = Pω∗ ∀ω ensures the condition in Proposition 1
holds and the two definitions of subjective knowledge from the modeller’s perspective are equivalent.

The following proposition proves that Kn
II as defined in (4) is equivalent to the definition (2) under the condition

given in Proposition 1.

Proposition 2. If Pω∗(ω∗(W ∗(ω∗))) = Pω∗ , then the operators Kn
I and Kn

II are equivalent.
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The proof, which is relegated to the appendix, reduces both operators to the same function of objective knowledge
and awareness K∗n(E)∩K∗n−1W (E)∩...∩K∗W (E)∩W (E). Note that this expression reduces to iterated objective
knowledge K∗n(E) if the agent is fully aware in every state, i.e. in the standard model with one state space. This
is to be expected, as the subjective knowledge operators are meant to model an agent who has limited awareness.
If such an agent becomes fully aware, his knowledge operator should become the standard one in models without
unawareness.

In the rest of the paper the definition KII is used and the operator is denoted K.

3. Overview of the FH structure

Fagin and Halpern [4] describe two intertwined models with the same content—a set-based model called the
Kripke structure for awareness and a propositional model called the logic of awareness. This paper restricts the FH
structure to a single agent and to propositionally generated awareness, which will be defined below.

The primitives of the FH structure are a set of primitive propositions Φ, logical operators ¬ for negation and ∧
for conjunction, modal operators A for awareness, L for implicit belief and B for explicit belief, a state space S,
an awareness function A giving for each state the primitive propositions of which the agent is aware, a possibility
correspondence B giving for each state the states the agent considers possible, and a truth assignment π that for
each state-proposition pair (s, p) takes the value 1 if proposition p is true in state s and 0 otherwise. Formally,

A : S → 2Φ, B : S → 2S \ ∅, π : S × Φ→ {0, 1}

Implicit belief L describes the mind of a fully aware agent, explicit belief B the mind of a potentially unaware
agent. Unawareness ¬A exists relative to the objective viewpoint, represented by implicit belief. The separation
of the implicit and explicit views allows nontrivial unawareness in the FH structure while preserving the standard
properties of belief operators for L and to some extent for B.

The logical and modal operators are combined with primitive propositions in an inductive way to construct
well-formed formulas (wff) denoted by φ, ψ. The rules to construct well-formed formulas are

All primitive propositions p ∈ Φ are wff

If φ and ψ are wff, then ¬φ and φ ∧ ψ are wff (7)

If φ is a wff, then Lφ, Bφ and Aφ are wff

An example of a wff is φ = ¬BL(¬p), interpreted as ‘the agent does not explicitly believe that he implicitly believes
that p is false’. For any formula φ, denote the set of primitive propositions found in φ by Prim(φ).

The Kripke structure for awareness is the set-based part of the FH structure. It consists of S, A, B and π, which
were defined above. The logic of awareness and the Kripke structure are connected by assigning truth values to
all formulas of the logic in every state. Denote a formula φ being true in a state s of a Kripke structure M by
(M, s) |=FH φ. The truth assignment rules to formulas in the logic of awareness are as follows.

(a) (M, s) |=FH p iff π(s, p) = 1

(b) (M, s) |=FH ¬φ iff (M, s) 2FH φ

(c) (M, s) |=FH φ ∧ ψ iff (M, s) |=FH φ and (M, s) |=FH ψ

(d) (M, s) |=FH Aφ iff Prim(φ) ⊆ A(s)

(e) (M, s) |=FH Lφ iff ∀t ∈ B(s), (M, t) |=FH φ

(f) (M, s) |=FH Bφ iff Prim(φ) ⊆ A(s) and ∀t ∈ B(s), (M, t) |=FH φ

The restriction on the FH structure that awareness is propositionally generated is precisely the truth assignment
rule to formulas of the form Aφ. By [9], this rule is equivalent to the agent being aware of a formula φ iff he is aware
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Table I. Correspondence of subjective events and formulas

Primitives Operators Subjective events and formulas

Li FH Li FH Li FH

Q∗ Φ ([φ]∗c, q([φ])) ¬φ q([φ]) Prim(φ)

Ω∗ S ([φ]∗ ∩ [ψ]∗, q([φ]) ∪ q([ψ])) φ ∧ ψ [φ]∗ ‖φ‖
ω∗(q) π(s, p) (W ([φ]), q([φ])) Aφ [φ] φ

W ∗ A (K∗([φ]∗), q([φ])) Lφ

P ∗ B (K([φ]), q([φ])) Bφ

of all primitive propositions in φ, written as Aφ = ∧p∈Prim(φ)Ap. An interpretation of propositionally generated
awareness is that the agent’s language is limited and cannot describe all aspects of the world.

The agent’s awareness and knowledge in the FH structure are described by the truth values of formulas containing
the awareness and explicit belief operators. The agent is said to explicitly believe the formula φ in state s if the
formula Bφ is true in state s. The agent is aware of ψ in s if Aψ is true in s. For each formula φ the set of states
where it is true is called its truth set and denoted ‖φ‖, with the formal definition ‖φ‖ = {s : (M, s) |=FH φ}.

4. Equivalence of the structures

In this section it is proved that the information structure with unawareness of [13] is equivalent in a strong sense
to the special case of the logic of awareness of [4] where awareness is propositionally generated and there is a single
agent. For every Li structure one can construct a FH structure describing the same knowledge and awareness of
the agent, and conversely for every FH structure there is a Li structure that describes the same knowledge and
awareness.

To make precise what is meant by ‘describing the same knowledge and awareness’, a logic is attached to the Li
structure. Two structures express the same knowledge and awareness if the same formulas of the same logic are
true in the corresponding states in both structures.

The logic attached to the Li structure allows expression of exactly the same formulas as the logic of awareness,
but the truth assignment to the formulas uses different rules. The primitives of the logic are a set of primitive
propositions Φ (with the cardinalities of Φ and Q∗ equal), logical operators ¬ and ∧, and modal operators A, L
and B. Well-formed formulas are constructed by the standard rules (7).

To connect the logic to the Li structure via a truth assignment, first a correspondence (denoted↔) is inductively
defined between the formulas of the logic and the subjective events of the Li structure. The correspondence is
based on the fact that both formulas and subjective events carry two types of relevant information. A formula has
a truth set and the primitive propositions contained in the formula. A subjective event consists of the objective
states contained in it and the questions defining its state space. Table I gives an overview of the correspondence.

As a starting point for the correspondence, the primitive propositions in Φ are indexed by the same set as the
questions in Q∗, so for each proposition pi there is a unique corresponding question qi. A natural equivalence
between primitive propositions and questions can be created if each proposition pi is interpreted ‘qi is answered
affirmatively’ and each qi is interpreted as ‘Is pi true?’

The base case of the induction is defining for each proposition pi its truth set as ‖pi‖ = {ω∗ : ω∗(qi) = 1} and the
subjective event corresponding to it [pi] = (‖pi‖, {qi})↔ pi, so that the objective states in [pi] are the truth set of
pi and the only question qi of [pi] has the same index as pi. Formally, [pi]

∗ = ‖pi‖ and q([pi]) = {qi′ ∈ Q∗ : i′ = i}.
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The inductive steps extend the proposition-event correspondence to all formulas and all subjective events. As-
suming φ↔ ([φ]∗, q([φ])) and ψ ↔ ([ψ]∗, q([ψ])), the induction on the length of formulas is

(a) ¬φ↔ ([φ]∗c, q([φ]))

(b) φ ∧ ψ ↔ ([φ]∗ ∩ [ψ]∗, q([φ]) ∪ q([ψ]))

(c) Aφ↔ (W ([φ]), q([φ]))

(d) Lφ↔ (K∗([φ]∗), q([φ]))

(e) Bφ↔ (K([φ]), q([φ]))

By the definition of ↔ it is clear that if [φ] ↔ φ, then {i : qi ∈ q([φ])} = {j : pj ∈ Prim(φ)}, which is denoted as
q([φ]) = Prim(φ) with some abuse of notation. This fact is used in the proof of the main theorem to establish the
equivalence of awareness operators in the Li and FH structures.

Truth assignment in the Li structure uses the set operators W , K and K∗ defined in Section 2.

(a) (M,ω∗) |=Li p iff ω∗ ∈ ‖p‖
(b) (M,ω∗) |=Li ¬φ iff ω∗ ∈ [φ]∗c

(c) (M,ω∗) |=Li φ ∧ ψ iff ω∗ ∈ [φ]∗ ∩ [ψ]∗

(d) (M,ω∗) |=Li Aφ iff ω∗ ∈W ([φ])

(e) (M,ω∗) |=Li Lφ iff ω∗ ∈ K∗([φ]∗)

(f) (M,ω∗) |=Li Bφ iff ω∗ ∈ K([φ])

These truth assignment rules are determined by the set-based operators in the Li structure to ensure that the logic
describes exactly the same knowledge and awareness as the events in the structure.

The following theorem establishes the main result of the paper, the equivalence between the Li structures and
the appropriately restricted FH structures.

Theorem 3. (a) For every Li structure M = (Q∗,Ω∗, P ∗,W ∗) there exists a FH structure M ′ = (Φ, S,B,A, π)

such that for all formulas φ constructed from Φ and ¬, ∧, L, B, A using the rules (7), it is the case that
(M,ω∗) |=Li φ iff (M ′, s) |=FH φ.

(b) For every FH structure M ′ = (Φ, S,B,A, π) there is a Li structure M = (Q∗,Ω∗, P ∗,W ∗) such that for all
formulas φ constructed from Φ and ¬, ∧, L, B, A using the rules (7) we have (M ′, s) |=FH φ iff (M,ω∗) |=Li φ.

The proof (in the appendix) proceeds by induction on the complexity of formulas. First the primitives of the
two models are set to correspond in a natural way. Then truth values are assigned to formulas by the rules of the
two models. The correspondence of the primitives directly implies that the truth values of primitive propositions
are the same in the Li and FH structures, which is the base case of the induction. Finally it is shown that the truth
assignments agree on all formulas. This is done by induction on the length of formulas: assuming the truth values
of formulas of a given length coincide in the Li and FH structures, it is shown that the truth values of the longer
formulas obtained by applying one of the operators ¬, ∧, A, B or L are the same.

According to Theorem 3, Li structures provide an alternative notation for the single-agent propositionally gener-
ated logic of awareness and its Kripke structure described in Section 3. The state space, possibility correspondence
and awareness function in a Li structure are equivalent to a Kripke structure for awareness, so these can be used
to provide an alternative semantics for the logic of awareness (as is done in [7] with the model of [15]).

The equivalence of the structures means that the results in one framework can also be derived in the other.
For example, every property of knowledge or unawareness listed in [13] can be proved based on the FH structure
described in Section 3.3 Li uses these properties to show that her structure models nontrivial unawareness in an

3Results provided in the working paper version of this paper, available on the author’s website.
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intuitive way, thus avoiding the impossibility result of [3]. Theorem 3 implies that the same holds for the FH
structure.

5. Conclusion

I have shown that the set-based model of unawareness of Li [13] is equivalent (in the usual sense of equivalence
in the literature) to a single-agent version of the propositionally generated logic of awareness presented by Fagin
and Halpern [4]. For any model in one of these categories it is possible to construct a model in the other category
describing the same agent—we can translate from one model to the other. Therefore any notion of knowledge or
awareness expressible in the Li structure is expressible in the FH structure and vice versa.

The close connection between the propositional model of [4] and the set-based model of [13] is interesting for a
technical and a conceptual reason. From a technical point of view, the equivalence demonstrated in the present
paper highlights the features of knowledge and awareness expressible in both set-based and propositional notation,
and those describable only in the more general propositional models.

From a conceptual perspective, the Li and FH structures start from different aspects of unawareness (the inability
to distinguish states and the limited language) and end up describing the same notion. This suggests a link between
different properties of unawareness, so that any one of them implies all the others. [13] starts by separating the
subjective and objective state spaces, coarsening the agent’s view of the world relative to an objective description
of the environment. The unawareness operator of [13] captures an inability to distinguish states whose descrip-
tions differ only on dimensions the agent is not able to reason about. [4] limit the agent’s language, permitting
reasoning only in terms of primitive propositions available to the agent. Both approaches separate the analyst’s
and the agent’s perspectives (the objective and subjective views of the world). Both models result in a nontrivial
unawareness operator that satisfies the properties suggested by Dekel, Lipman, and Rustichini [3], thus bypassing
their impossibility result.

Through its equivalence with the FH structure, the Li structure is also equivalent (in the usual sense) to the
model of Modica and Rustichini [15] and a single-agent version of Heifetz, Meier, and Schipper [10], which similarly
model nontrivial unawareness. The proof of equivalence in the present paper answers the question posed in [11] and
[17] about the possible connection between the four models of unawareness. The connection of the above models
to [5, 6] remains an open question.

From an applied perspective, the above results mean that an economist interested in modelling unawareness can
choose any of the equivalent models to work with. The choice should be based on tractability and suitability for
a particular situation. In economics, the multiagent models of [4, 10] are of more interest. Those could also be
translated to Li’s notation along the lines of the present paper, thus extending [13] to the multiagent case while
preserving its equivalence to the other models.

The equivalence between the inability to perceive some aspects of the environment and the inability to reason
about some primitive propositions vindicates Wittgenstein’s claim ‘The limits of my language mean the limits of
my world’. This claim need not always hold, so one open question is for which other limitations of language and
perception this equivalence obtains. A higher level equivalence (or the lack thereof) between distinguishability
and expressibility may shed light on the connection between the mainly physical notion of being able to sense and
measure parameters of the environment and the cognitive notion of being able to think about and express these
parameters.

Since the logic of awareness has been augmented with quantification in [9] to describe awareness of unawareness,
one direction for further study is to extend Li’s set-based model to express this as well. The potential equivalence
of the extended Li structure with the quantified logic of awareness can then be examined to see the extent of the
equi-expressivity between propositional and set-based models.
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Awareness of unawareness is one form of uncertainty between ambiguity and unawareness. A natural question
is whether there are other types of uncertainty with less higher order knowledge than ambiguity and more than
unawareness. The agent may have an idea about the sets of objects in which he is unaware of some elements,
e.g. know there exist both viruses and bacteria he is unaware of, with some properties of both domains known.
To compare the various types of uncertainty it may be useful to embed them in a general infinite hierarchy of
uncertainty, extending the hierarchies for probability [14], conditional probability [2] and ambiguity [1].

Appendix A. Proof of Proposition 2

Proposition 2 states that if Pω∗(ω∗(W ∗(ω∗))) = Pω∗ , then the operators Kn
I and Kn

II are equivalent.
In the proof it will be shown that Kn

I (E) and Kn
II(E) both equal to the same function of awareness and objective

knowledge K∗n(E)∩K∗n−1W (E)∩ ...∩K∗W (E)∩W (E). The reduction for Kn
II(E) uses the conjunction property

for objective knowledge K∗(F ∩G) = K∗(F ) ∩K∗(G), which is immediate from the definition of K∗.

Kn
II(E) =

{
ω∗ : P ∗(ω∗) ⊆ Kn−1

II (E)
}
∩W (E) = K∗(Kn−1

II (E)) ∩A(E) =

=K∗
({
ω∗ : P ∗(ω∗) ⊆ Kn−2

II (E)
}
∩W (E)

)
∩W (E) =

=(K∗)2
(
Kn−2
II (E)

)
∩K∗W (E) ∩W (E) = ... = (K∗)n(E) ∩ (K∗)n−1W (E) ∩ ... ∩K∗W (E) ∩W (E)

For Kn
I , use definition (1) of K̃ω∗ to rewrite it as

Kn
I (E) =

{
ω∗ : ω∗(W ∗(ω∗)) ∈ K̃ω∗(K̃

n−1
ω∗ (E))

}
=


{
ω∗ : ω∗(W ∗(ω∗)) ∈

{
ω ∈ Ω(ω∗) : Pω∗(ω) ⊆ K̃n−1

ω∗ (E)
}}

if q(K̃n−1
ω∗ (E)) ⊆W ∗(ω∗){

ω∗ : ω∗(W ∗(ω∗)) ∈ ∅K̃n−1
ω∗ (E)

}
if q(K̃n−1

ω∗ (E)) *W ∗(ω∗)

Next, the awareness condition is simplified by noting that, based on the definition of K̃ω∗ ,

q(K̃ω∗(E)) =

W ∗(ω∗) if q(E) ⊆W ∗(ω∗)

q(E) if q(E) *W ∗(ω∗)

from which it follows that q(K̃ω∗(E)) ⊆ W ∗(ω∗) iff q(E) ⊆ W ∗(ω∗). Repeating this argument, q(K̃n−1
ω∗ (E)) ⊆

W ∗(ω∗) iff q(E) ⊆W ∗(ω∗). This simplifies Kn
I to

Kn
I (E) =


{
ω∗ : Pω∗(ω

∗(W ∗(ω∗))) ⊆ K̃n−1
ω∗ (E)

}
if q(E) ⊆W ∗(ω∗)

∅ if q(E) *W ∗(ω∗)

Since projections preserve subset relations, Pω∗(ω∗(W ∗(ω∗))) ⊆ K̃n−1
ω∗ (E) reduces to P ∗(ω∗) ⊆ (K̃n−1

ω∗ (E))∗ and

Kn
I (E) =

{
ω∗ : P ∗(ω∗) ⊆ (K̃n−1

ω∗ (E))∗, q(E) ⊆W ∗(ω∗)
}

=K∗
(

(K̃n−1
ω∗ (E))∗

)
∩ {ω∗ : q(E) ⊆W ∗(ω∗)} = K∗(Kn−1

I (E)) ∩W (E)

Repeating the previous steps, the order of subjective knowledge in the expression can be again reduced by one.

Kn
I (E) = K∗

({
ω∗ : P ∗(ω∗) ⊆ (K̃n−2

ω∗ (E))∗
}
∩ {ω∗ : q(E) ⊆W ∗(ω∗)}

)
∩W (E)

Iterating this procedure, the end result will be (K∗)n(E)∩ (K∗)n−1W (E)∩ ...∩K∗W (E)∩W (E) as desired. Since
the two operators are both equal to the same expression, they are equivalent.
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Appendix B. Proof of Theorem 3

Theorem 3 states that for every Li structure there is a FH structure with the same truth values of formulas, and
vice versa.

For part (a), take a set Φ with the same number of primitive propositions as questions in Q∗ and index the
primitive propositions so that pi corresponds to qi. Define the truth assignment to primitive propositions π as
π(ω∗, pi) = ω∗(qi). Construct the set of formulas from Φ by the rules (7). Take S = Ω∗, B = P ∗ and A such
that {i : pi ∈ A(ω∗)} = {j : qj ∈W ∗(ω∗)}. Abusing notation, this can be written A = W ∗. Assign truth values to
formulas in the Li structure and the FH structure by their respective truth assignment rules.

Proceed by induction on the length of formulas to show that the truth assignment rules in the two structures
are equivalent, which establishes the conclusion that each formula is true in the Li structure iff it is true in the FH
structure.

The base case of the induction is truth assignment to the primitive propositions. By the first truth assignment
rule in the Li structure, (M,ω∗) |=Li p iff ω∗ ∈ ‖p‖ = {ω∗ : ω∗(p) = 1}, by construction π(ω∗, p) = ω∗(p), and by
the first truth assignment rule in the FH structure, (M, s) |=FH p iff π(s, p) = 1. Putting the three equivalences
together results in (M,ω∗) |=Li p iff (M, s) |=FH p.

For negations, equivalence of the truth assignment rules follows from (M,ω∗) |=Li ¬φ iff ω∗ ∈ ‖φ‖c and
(M, s) |=FH ¬φ iff (M, s) 2FH φ. Under both truth assignment rules, ¬φ is true exactly when φ is false.

A similar reasoning establishes the equivalence for conjunctions. (M,ω∗) |=Li φ ∧ ψ iff ω∗ ∈ ‖φ‖ ∩ ‖ψ‖, which
holds iff ω∗ ∈ ‖φ‖ and ω∗ ∈ ‖ψ‖, exactly when (M,ω∗) |=Li φ and (M,ω∗) |=Li ψ. Assuming the result to be proved
holds for all formulas shorter than φ∧ψ and using the rule (M, s) |=FH φ∧ψ iff (M, s) |=FH φ and (M, s) |=FH ψ,
it is clear that (M, s) |=FH φ ∧ ψ iff (M, s) |=Li φ ∧ ψ.

For formulas expressing awareness, the truth assignment rules are (M,ω∗) |=Li Aφ iff ω∗ ∈ W ([φ]) in the Li
structure and (M, s) |=FH Aφ iff Prim(φ) ⊆ A(s) in the FH structure. The set-based awareness operator W was
defined in Section 2 as W (E) = {ω∗ : q(E) ⊆W ∗(ω∗)}. By construction, W ∗(ω∗) = A(ω∗) ∀ω∗, and by definition
of ↔, q([φ]) = Prim(φ), so for any state ω∗ it is the case that q([φ]) ⊆ W ∗(ω∗) iff Prim(φ) ⊆ A(ω∗). From this it
follows that (M,ω∗) |=Li Aφ iff (M, s) |=FH Aφ.

The truth assignment to implicit belief formulas in the Li structure is (M,ω∗) |=Li Lφ iff ω∗ ∈ K∗(‖φ‖). By the
definition of objective knowledge, K∗(E) = {ω∗ : P ∗(ω∗) ⊆ E∗}, the condition ω∗ ∈ K∗(‖φ‖) can be equivalently
expressed as P ∗(ω∗) ⊆ ‖φ‖. The possibility correspondences in the two structures are equal by construction, so the
condition becomes B(ω∗) ⊆ ‖φ‖, i.e. φ is true in all states of B(ω∗). This is the condition for the truth assignment
to implicit belief formulas in the FH structure, (M, s) |=FH Lφ iff ∀t ∈ B(s), (M, t) |= φ.

For formulas expressing explicit belief, the Li structure truth assignment requires ω∗ ∈ K([φ]). Since K(E) =

W (E) ∩ K∗(E), an explicit belief formula Bφ is true in a state of the Li structure iff the formulas expressing
awareness and implicit belief of the same statement—Aφ and Lφ—are true in that state. Similarly in the FH
structure the truth condition Prim(φ) ⊆ A(s) and ∀t ∈ B(s), (M, t) |= φ for an explicit belief formula is a
conjunction of the conditions for the awareness and implicit belief formulas for the same concept. The equivalence
of the truth assignments to explicit belief formulas in the two structures is a direct consequence of the equivalence
for the formulas expressing awareness and implicit belief.

For part (b), take a set Q∗ with the same number of questions as primitive propositions in Φ and index the
questions so that qi corresponds to pi. If no two states in S have the same truth assignment to primitive propositions,
the states in the Li structure could be defined as the truth assignments to states in the FH structure. If truth
assignments repeat for states in S, then vectors of answers to questions in Q∗ will repeat in Ω∗. It is possible
to distinguish states with the same answer profile by labeling each ω∗ ∈ Ω∗ with the s ∈ S that it is meant to
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correspond to. Therefore to construct a Li structure equivalent to a FH structure that may have repeating truth
assignments, define

Ω∗ =

ω∗s ∈ ∏
q∈Q∗

{1q, 0q} × S : ∃s ∈ S, ∀i ω∗s (qi) = π(s, pi)

 = {((π(s, pi))pi∈Φ, s) : s ∈ S}

The label of each state in Ω∗ is written as a subscript, e.g. ω∗s , for easier subsequent reference.
The possibility correspondence and awareness function in the Li structure are constructed to contain the same

information as the possibility and awareness operators in the FH structure. The possibility correspondence is
P ∗(ω∗s ) = {ω∗s′ : s′ ∈ B(s)} and the awareness function W ∗(ω∗s ) = {qi ∈ Q∗ : pi ∈ A(s)}, where s ranges over S and
therefore ω∗s ranges over Ω∗. Abusing notation, write P ∗ = B and W ∗ = A.

The induction on the length of formulas in part (b) to show that the truth assignments in the two structures
are equivalent is exactly the same as in the proof of part (a), since each step of the induction in part (a) showed
implication both ways.
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